We present a comprehensive analysis of neutrino mass and lepton mixing in theories with A 4 modular symmetry, where the only flavon field is the single modulus field τ , and all masses and Yukawa couplings are modular forms. Similar to previous analyses, we discuss all the simplest neutrino sectors arising from both the Weinberg operator and the type I seesaw mechanism, with lepton doublets and right-handed neutrinos assumed to be triplets of A 4 . Unlike previous analyses, we allow right-handed charged leptons to transform as all combinations of 1, 1 and 1 representations of A 4 , using the simplest different modular weights to break the degeneracy, leading to ten different charged lepton Yukawa matrices, instead of the usual one. This implies ten different Weinberg models and thirty different type I seesaw models, which we analyse in detail. We find that fourteen models for both NO and IO neutrino mass ordering can accommodate the data, as compared to one in previous analyses, providing many new possibilities. *
Introduction
Despite the measurement of a non-zero reactor angle, it remains an intriguing possibility that the large mixing angles in the lepton sector can be explained using some discrete nonAbelian family symmetry [1, 2] . The origin of such a symmetry could either be a continuous non-Abelian gauge symmetry, broken to a discrete subgroup [3] [4] [5] [6] [7] [8] [9] , or it could emerge from extra dimensions [10] [11] [12] [13] [14] [15] [16] [17] [18] [19] [20] [21] , either as an accidental symmetry of the orbifold fixed points, or as a subgroup of the symmetry of the extra dimensional lattice vectors, commonly referred to as modular symmetry [22] [23] [24] .
Recently it has been suggested that neutrino masses might be modular forms [25] , with constraints on the Yukawa couplings. The idea is that, since modular invariance controls orbifold compactifications of the heterotic superstring, this implies that the 4d effective Lagrangian must respect modular symmetry, hence the Yukawa couplings (involving twisted states whose modular weights do not add up to zero) are modular forms [25] . Hence the Yukawa couplings form multiplets with well defined alignments, prescribed by the modular form, which depend on a single complex modulus field τ .
This has led to a revival of the idea that modular symmetries are symmetries of the extra dimensional spacetime with Yukawa couplings determined by their modular weights [25, 26] . The finite modular subgroups considered in the literature include Γ(2) [27] [28] [29] [30] , Γ(3) [25] [26] [27] [28] [31] [32] [33] [34] , Γ(4) [35] [36] [37] and Γ(5) [38, 39] . The Γ(3) case has been applied to grand unified theories with the modulus fixed by the orbifold construction [40] . The formalism with a single complex modulus field τ has also been extended to the case of multiple moduli fields τ i [41] . The generalized CP symmetry in modular invariant models are studied in [42] . The formalism of modular invariant approach has extended to include odd weight modular forms [43] .
In this paper, we shall study the finite modular group Γ 3 ∼ = A 4 with a single modulus field τ and no other flavons, hence all masses and Yukawa couplings are modular forms. Similar to previous analyses [25] [26] [27] [28] [31] [32] [33] [34] , we discuss all the simplest neutrino sectors arising from both the Weinberg operator and the type I seesaw mechanism, with lepton doublets and righthanded neutrinos assumed to be triplets of A 4 . However, unlike all previous analyses [25] [26] [27] [28] [31] [32] [33] [34] , we allow right-handed charged leptons to transform as all combinations of 1, 1 and 1 representations of A 4 , using the simplest different modular weights to break the degeneracy, leading to ten different charged lepton Yukawa matrices, instead of the usual one. This implies ten different Weinberg models and thirty different type I seesaw models, which we analyse in detail. We find that fourteen models for both normal ordering (NO) and inverted ordering (IO) neutrino mass spectrums can accommodate the data, as compared to one in previous analyses, providing many new possibilities.
The structure of the paper is as follows. In section 2 we briefly outline the idea of modular symmetry, and we specialize to Γ(3) modular symmetry and give the modular forms of level N = 3. Then in section 3 we systematically construct and classify the forty simplest models based on Γ 3 ∼ = A 4 , generalising previous analyses in the charged lepton sector as outlined above. After that in section 4 we perform a comprehensive and systematic numerical analysis for each of the forty models discussed in the previous section, giving the best fit values of the parameters for each viable model with NO and the corresponding predictions in a detailed compendium of tables and figures. Section 5 concludes the paper.
Modular symmetry and modular forms of level N = 3
In the following, we briefly review the modular symmetry and the its congruence subgroups. The special linear group SL(2, Z) is constituted by 2×2 matrices with integer entries and determinant 1 [44, 45] : 
The upper half plane, denoted as H, is the set of all complex numbers with positive imaginary part: H = {τ ∈ C | τ > 0}. The SL(2, Z) group acts on H via fractional linear transformations (or Möbius transformations),
It is straightforward to check that
which implies if γ ∈ SL(2, Z) and τ ∈ H then also γ(z) ∈ H. Therefore the modular group maps the upper half plane back to itself. In fact the modular group acts on the upper half plane, meaning that I(τ ) = τ where I is the 2 × 2 identity matrix and (γγ )(τ ) = γ(γ (τ )) for any γ, γ ∈ SL(2, Z) and τ ∈ H. Furthermore, γ and −γ evidently give the same action, therefore it is more natural to consider the projective special linear group P SL(2, Z) = SL(2, Z)/{I, −I}, the quotient of SL(2, Z) by ±I. The group P SL(2, Z) is usually called the modular group in the literature, and it can be generated by two elements S and T [44]
which satisfy the relations
The actions of S and T on H are given by
For a positive integer N , the principal congruence subgroup of level N of is defined as
which is a normal subgroup of the special linear group SL(2, Z). Obviously Γ(1) ∼ = SL(2, Z) is the special linear group. It is easy to obtain
which implies T N ∈ Γ(N ), i.e., T N is an element of Γ(N ). Taking the quotient of Γ(1) and Γ(2) by {I, −I}, we obtain the projective principal congruence subgroups Γ(N ) = Γ(N )/{I, −I} for N = 1, 2, and Γ(N > 2) = Γ(N ) since the element −I doesn't belong to Γ(N ) for N > 2. The quotient groups Γ N = Γ(1)/Γ(N ) are usually called finite modular groups, and the group Γ N can be obtained from Γ(1) by imposing the condition T N = 1. Consequently the generators S and T of Γ N satisfy the relations
The groups Γ N with N = 2, 3, 4, 5 are isomorphic to the permutation groups S 3 , A 4 , S 4 and A 5 respectively [24] . The crucial element of modular invariance approach is the modular form f (τ ) of weight k and level N . The modular form f (τ ) is a holomorphic function of the complex modulus τ and it is required to satisfy the following modular transformation property under the group Γ(N ),
The modular forms of weight k and level N span a linear space M k (Γ(N )) with finite dimension. As has been shown in [25, 43] , we can choose the basis vectors of M k (Γ(N )) such that they can be organized into multiplets of modular forms
T which transform in certain irreducible representation of the finite modular group Γ N ,
where γ is the representative element of the coset γΓ(N ) in Γ N , and ρ r (γ) is the representation matrix of the element γ in the irreducible representation r. When γ is the generators S and T , Eq. (11) gives
for even k.
Modular forms of level N = 3
In the present work, we present a comprehensive analysis of neutrino mass and lepton mixing in theories with Γ(3) modular symmetry. The finite modular group Γ 3 is isomorphic to A 4 which is the symmetry group of the tetrahedron. It contains twelve elements and it is the smallest non-abelian finite group which admits a three-dimensional irreducible representation. The A 4 group has three singlet representations 1, 1 , 1 and a triplet representation 3. In the singlet representations, we have
with ω = e 2πi/3 = −1/2 + i √ 3/2. For the representation 3, we will choose a basis in which the generator T is diagonal. The explicit forms of S and T are
The basic multiplication rule is
where the subscripts S and A denotes symmetric and antisymmetric combinations respectively. If we have two triplets α = (α 1 , α 2 , α 3 ) ∼ 3 and β = (β 1 , β 2 , β 3 ) ∼ 3, we can obtain the following irreducible representations from their product,
The linear space of the modular forms of integral weight k and level N = 3 has dimension k + 1 [25, 46] . The modular space M 2k (Γ(3)) can be constructed from the Dedekind etafunction η(τ ) which is defined as
The eta function η(τ ) satisfies the following identities
There are only three linearly independent modular forms of weight 2 and level 3, which are denoted as Y i (τ ) with i = 1, 2, 3. We can arrange the three modular functions into a vector Y
T transforming as a triplet 3 of A 4 . The modular forms Y i can be expressed in terms of η(τ ) and its derivative as follow [25] :
Notice that 12η (τ )/η(τ ) ≡ iπE 2 (τ ), where E 2 (τ ) is the well-known Eisenstein series of weight 2 [44] . The q-expansions of the triplet modular forms Y
are given by
They satisfy the constraint [25, 43] (Y
3 Y
3 ) 1 = Y 3 Neutrino mass models based on Γ 3 modular symmetry
In this section, we shall perform a systematical classification of all minimal neutrino mass models with the Γ 3 modular symmetry. We adopt the N = 1 global supersymmetry, the most general form of the action can be written as [25] 
where K(Φ I ,Φ I , τ,τ ) is the Kähler potential, and W denotes the superpotential. Φ I is set of chiral superfields, under the modular transformation of Eq. (2), it transforms as
where −k I is the modular weight, and ρ I (γ) is the unitary representation of the representative element γ in Γ N . There are no restrictions on the possible value of k I since the supermultiplets Φ I are not modular forms. The Kähler potential should be invariant up to Kähler transformations under the modular transformation of Eq. (25) . We shall use the following Kähler potential in this work [25] ,
where h is a positive constant h > 0. After the modulus τ gets a vacuum expectation value (VEV), the above Kähler potential leads to the following kinetic term for the scalar components of the supermultiplets Φ I and the modulus superfield τ ,
For a given value of the VEV of τ , the kinetic term of φ I can be made into canonical form by rescaling the fields φ I . This effect can be absorbed into the unknown free parameters of the superpotential in a specific model. The superpotential W (Φ I , τ ) can be expanded in power series of the involved supermul-
where Y I 1 ...In is a modular multiplet of weight k Y and it transforms as the presentation ρ Y of Γ N ,
The requirement of modular invariance of the superpotential implies
Then we proceed to discuss all possible simplest models for lepton masses and mixing with the A 4 modular symmetry. In order to construct models with the smallest number of free parameters, we don't introduce any flavon field other than the modulus τ . 
T and of the right-handed neutrino N c ≡ (N where the condition of weight cancellation entails
When the three right-handed charged leptons E c i are assigned to three different singlets 1, 1 and 1 of A 4 as in previous works [25] [26] [27] [28] [31] [32] [33] [34] , their modular weights could be identical, and only the lowest weight modular form Y
is necessary in the minimal model. Then the superpotential for the charged lepton masses takes the form
The invariance of W e under modular transformations implies the following relations for the weights,
To be more specific, making use of the Clebsch-Gordan coefficients given in Eq. (16), we can expand the superpotentials of Eqs. (31, 33, 35) into the following forms for all possible singlet assignments of right-handed charged leptons.
•
• ρ E c 1,2,3
This is exactly the original A 4 modular symmetry model considered in the literature [25] [26] [27] [28] [31] [32] [33] [34] . The resulting charged lepton mass matrices for each possible model considered above are summarized in table 1 .
+ k L Charged lepton mass matrices 
Neutrino sector
We don't know the nature of neutrinos which can be either Dirac particles similar to electron or Majorana particles. In this section, we shall consider the case of Majorana neutrinos, Dirac neutrinos can be analyzed in a similar manner. Thus the neutrino masses can arise from the effective Weinberg operator or the seesaw mechanism. In order to construct minimal models, we consider the cases that the complex modulus τ is involved through the lowest nontrivial weight 2 modular form Y (2) 3 in the following. If neutrino masses are described by the Weinberg operator and the three lepton doublets are assigned to an A 4 triplet 3, the simplest superpotential for neutrino masses is
Obviously the modular weight of the lepton doublet L should be k L = 1 in this case. The resulting prediction for the neutrino mass matrix is
If neutrino masses are generated through the type-I seesaw mechanism, for the triplet assignments of both right-handed neutrinos N c and left-handed lepton doublets L, the most general form of the superpotential in the neutrino sector is 
3 . Then we have the following three possible cases.
In this case the weights of N c and L should be k N c = 0, k L = 2. The Dirac neutrino mass matrix and the right-handed neutrino heavy Majorana mass matrix read as
The condition of weight cancellation requires k N c = −k L = 1. We can read out the expressions of M D and M R as follow,
Neutrino mass matrices Table 2 : The predictions for the neutrino mass matrices, where we assume that only the lowest weight 2 modular forms are involved, and the neutrino masses are generated through the Weinberg operator for W 1 and the type-I seesaw mechanism for the models S 1,2,3 .
and
The modular weights of N c and L should be k L = k N c = 1. We find M D and M N take the following form
We listed the predicted neutrino mass matrices for the above four cases in table 2. Taking into account the possible structures of the models in the charged lepton and neutrino sectors discussed in above, we find there are totaly forty minimal neutrino mass models based on the A 4 modular symmetry: ten different Weinberg models and thirty different type I seesaw models, these models are named as A i , B i , C i and D i (i = 1, . . . , 10). Notice that the modular weights of the matter fields can be fixed uniquely in each model, and they are listed in table 3.
Phenomenological predictions
In the following, we shall investigate whether the models summarized in notable that some phases are physically irrelevant and can be absorbed by field redefinition. For example, the coupling constants α, β, γ and γ 1 in the charged lepton mass matrix can be taken to be positive and real by rephasing the right-handed charged lepton superfields E c 1,2,3 , while it is impossible to remove the phase of γ 2 simultaneously. As a consequence, the charged lepton mass matrix will depend on four real parameters β/α, γ 1 /α, |γ 2 /α|, arg (γ 2 /α) for the models C 1,2,3 and only two real parameters β/α, γ/α for the remaining models C i (i = 4, . . . , 10) besides the energy scale αv d . As regards the neutrino sector, each element of the light neutrino mass matrix is a modular form which is a function of the complex modulus τ . If the neutrino masses originate from the Weinberg operator, the effective neutrino mass matrix is determined by τ and the overall factor v 2 u /Λ. If the neutrino masses arise from the type I seesaw mechanism, the light neutrino mass matrix depends on two real parameters |g 2 /g 1 |, arg (g 2 /g 1 ) and the mass scale g u /Λ) which controls the absolute neutrino masses, as can seen from table 2. We summarize the free parameters of each model in table 4 .
The values of the free parameters in each model given in 
where ∆m In order to exploring the parameter space fully and efficiently, we use the popular scan tool MultiNest [50, 51] . This has advantages over traditional approaches, for instance, χ 2 optimization by a grid or random sample, using pre-determined ranges and step sizes for each parameter, where the number of points required scales as k N , where N is the dimensions of the parameter space and k is the number of points chosen for each parameter. In such a traditional approach, as N increases, the number of points in parameter space rises exponentially so much so that this approach becomes highly inefficient. Also, key information for narrow "wedges" region of parameter space can be missed in such an approach.
Models model parameters overall scales
In the MultiNest approach followed here, in order to quantitatively measure how well the models can describe the experimental data, we use a χ 2 function defined in the usual way to serve as a test-statistic for the goodness-of-fit. The central values and 1σ errors of the oscillation parameters are taken from [47] , and the charged lepton mass ratios m e /m µ and m µ /m τ are from [48, 49] . Since the indication of a preferred value of the Dirac CP violating phase δ CP coming from global data analyses is rather weak [47] , we do not include the contribution from δ CP to the χ 2 function. By scanning the parameter space, we find the minimum χ 2 values, and hence determine the best fit values of the free dimensionless parameters. Finally, to determine the overall scale factors, we use the two quantities which have absolute magnitude, i.e. m e and ∆m 2 21 , which are the best measured dimensional quantities in the charged lepton and neutrino sectors. We randomly vary the free parameters space in the following regions,
The complex modulus τ is restricted to lie in the fundamental domain, since the underlying theory has the modular symmetry Γ, and consequently vacua related by modular transformations are physically equivalent [36] . Moreover, under the transformation
the mass matrices become complex conjugated, hence the lepton masses and mixing angles are unchanged while the signs of both Dirac and Majorana CP phases are reversed [36] . As a consequence, it is sufficient to limit the range τ > 0 in the numerical analysis. So in practice, we restrict τ to be in the right-hand part of the fundamental region, as follows:
The predictions of the mixing parameters in the left-hand part of the fundamental region τ ∈ [−0.5, 0] can simply be obtained by shifting the overall signs of the Dirac as well as Majorana CP phases. Hence all the numerical results as well as figures given in the following come in pairs with opposite CP violating phases. We list the final numerical results in the following subsection.
Numerical results of the models
Models NO IO Models NO IO Models NO IO Models NO IO Table 5 : The summary of numerical results of all models for NO and IO orderings. "" signifies the models whose best-fit values fall in the 3σ range of the global fits of the experimental results [47] . In contrast, "" means that the best-fit values of the models exceed the 3σ range of the experimental data [47] . It can be seen that the models A 1 ∼ A 10 and C 1 ∼ C 10 are not consistent with the experimental data.
We have extensively scanned over the parameter space of for each model. The results of the numerical analysis are summarized in table 5. Henceforth we focus on the details of the numerical results of the some of these models whose predictions can lie in the 3σ range of the experimental data [47] , which are denoted by "". Our main interest is the case of NO ordering, preferred by the latest global fits, in particular those models containing as few parameters as possible. Thus we provide a detailed numerical analysis of the models B 9 , B 10 , D 5 ∼ D 10 with eight parameters giving NO ordering (where D 10 is the original model presented in [25] and the other examples are new cases discussed here for the first time). For the case of IO ordering, we just give one example: model B 10 . Later we also present detailed numerical results for the successful cases B 1,2,3 which contain two more free parameters.
The results of the numerical analysis are summarized in tables 6-10. In particular we highlight the new cases D 7 and D 9 which have a very small χ 2 and predict δ CP /π ≈ 1.42 − 1.45. We display some interesting correlations of the parameters and observables in these models in figures 1-9 , where the colour of the points in these figures indicates the corresponding χ 2 value. Note that many of these figures show very tightly constrained regions of observable parameters. For models B 1,2,3 and D 1,2,3 with two more parameters (which can be see from table 4), we only report the predictions for the observables at the best-fit point, with the results summarized in table 11. The allowed regions of the input parameters and observables are determined by requiring all the lepton mixing angles and the squared mass splittings ∆m ) within the 3σ intervals [47] . Most of these models B 9 , B 10 , D 5 ∼ D 10 (apart from D 5 and D 6 ) predict large (but allowed) neutrino masses and observable neutrinoless double beta decay. The latest Planck result on the neutrino mass sum is i m i < 0.12 eV −0.60 eV [52] . Since the upper bound of the neutrino mass sum sensitively depends on the cosmological model and the choice of other experimental data, we display the full range 0.12 eV−0.60 eV as "disfavoured by cosmology" in the figures. Our predictions for neutrino masses could also be probed in next generation neutrinoless double beta decay experiments which is the only feasible experiment having the potential of establishing Majorana nature of neutrinos. The measurement of neutrinoless double beta decay could provide unique information on the neutrino mass spectrum, Majorana phases and the absolute scale of neutrino masses. The decay amplitude is proportional to the effective Majorana mass m ee with the absolute value [53] ,
The neutrinoless double beta decay experiments can provide valuable information on the neutrino mass spectrum and constrain the Majorana phases. Most of the above models predict neutrino masses in the "cosmologically disfavoured region" and observable neutrinoless double beta decay, which can be tested in forthcoming experiments, with the exception of D 5 and D 6 which however predict tiny neutrinoless double beta decay, deep into the NO "hole", together with small Dirac CP violation.
Conclusion
In this paper we have provided a comprehensive analysis of lepton masses and mixing in theories with Γ 3 ∼ = A 4 modular symmetry, where the single modulus field τ is the unique source of flavour symmetry breaking, with no flavons allowed, and all masses and Yukawa couplings are modular forms. Similar to previous analyses, we have discussed all the simplest neutrino sectors arising from both the Weinberg operator and the type I seesaw mechanism, with lepton doublets and right-handed neutrinos assumed to be triplets of A 4 . Unlike previous analyses, we have allowed right-handed charged leptons to transform as all combinations of 1, 1 and 1 representations of A 4 , using the simplest different modular weights to break the degeneracy, leading to ten different charged lepton Yukawa matrices, instead of the usual one.
The above considerations imply ten different Weinberg models, labelled as A 1 -A 10 , and thirty different type I seesaw models, labelled as The most successful models B 9 , B 10 , D 5 ∼ D 10 all contain six real free parameters and two overall mass scales, describing the entire lepton sector (three charged lepton masses, three neutrino masses, three lepton mixing angles and three CP violating phases). These are the minimal models of Γ 3 modular-invariant supersymmetry theories allowed by experiment. The results presented here provide new opportunities for A 4 modular symmetry model building, including possible extensions to the quark sector. [47] . Since δ CP is less constrained, we allow the regions to be in the range 0 ∼ 2π, and similarly for α 21 and α 31 . The last panel of |m ee | versus m min indicates large tightly constrained values for both these neutrino mass observables. 
